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FOREWORD

When Julie Ann. who is seven years old, was asked to define
mathematics, she said without hesitation, ““Math is numbers.”” When
her brother Danny, who is nine years old, was asked the same
question, he said, ‘““Math is fun.”” Then he added, *“It’s times and
dividing and fractions, pluses and subtractions, expanding. .. and,
oh, yeah, it’s also primne numbers, equivalent fractions, clocks —
that’s telling what time it is — and word problems. I like word
problems.”’

Julie Ann, who is enrolled in the second grade of one of our public
schools, was also asked how she would teach her first lesson in
mathematics if she were a teacher. Again, she did not hesitate. She
said, “I’d write all the numbers on the board. Thewu I’d count all the
numbers up to ten, because that’s all the numbess I°d put up there.
And after I’d counted up to ten, I’d point to a number and ask one
of them (the children) to tell me what the number was., and the
others would have to listen well.”

Then the little girl, who has sparkling brow.. eves, was asked how
she had learnmed her numbers. “When 1 first started learning math,”
she responded, °‘it was easy because Danny taught me, and I had
fingers (to count on).”

I tell you of these two children beczause they identify for me the
reason for our developing this mathematics framework. And I tell
you of them because I am certain that neithe: Karl Friedrich Causs,
the great German scholar, nor any modern mathematician could have
given a clearer or more precise definition oi mathematics than ‘““math
is numbers’ or one that would have better expressed his feelings for
mathematics than ““math is fun.”” I am equally certain that I would
have difficulty improving on Julie Ann’s first mathematics lesson.
She knows from her own experience — including her schooling —
that the counting of things in groups (her fingers) is the root
principle of mathematics — that one of the basic principles of
learning is ““listening well. >’

Many fine people have worked many hours to deveiop this
framework. I believe it has been developed with the best interests of




the Julie Anns and Dannys in mind. I am hopeful that those
responsible for curriculum vlanning in mathematics will find in these
pages ideas that will lead to the development of even better
instructional programs for our children.

Educational systems must constantly undergo change to meet the
conditions of the times in which they exist. And the Statewide
Mathematics Advisory Committee has prepared a framework
designed tc help in the development of mathematics programs that
reflect the needs of the 1970s. 1 am deeply grateful for the work
they have done.

As we develop our programs, let us remember that it is the
direction in which we start the child that will determine his success.
“Math is numbers.”” and we will not change that, but ‘““math is fun™

only because someone made it so.
M '

Superintendent of Public Instrucrion




PREFACE

In October, 1960, the California State Board of Education
appointed an advisory committee on mathematics to the State
Curriculum Commission. This committee served until 1962 and
developed a comprehensive report and recommendations on mathe-
matics curriculum and instruction, teacher preparation, and supple-
mental instructional materials. The report was submitted, in three
parts, in March, 1962. One¢- part comprised the framework for
mathematics instruction and curriculum known as the first ‘“‘Strands™
Report. In conjunction with that framework, the committee then
developed criteria to be used in the selection and adoption of
mathematics textbooks for grades one through eight. The textbooks
in this adoption arrived in California classrooms in September of
1964 for grades one, two, and seven, and in September of 1965 for
grades three, four, five, six, and eight.

The advisory committee’s complete report was published in
December, 1963, by the California State Department of Education.
It was entitled Summary of the Report of the Advisory Committee
on Mathematics to the State Curriculum Commission — The Strands
of Mathematics;, Mathematics Programs for Teachers; A Study of
New Programs and Supplementary Materials.

Six years after the appointment of the first advisory committee on
mathematics, the State Bcard of Education appointed another
committee, which included some members who had served on the
1960 committee. The Curriculum Commission, in anticipation of the
next mathematics textbooks adoptions, believed that an evaluation
and review of current mathematics textbooks and the 1962 Strands
Report were called for, and it recognized the need for a new
framework, which would take into consideration the requirements of
California pupils in the 1970s.

The new committee met for the first time on January 27, 1967. It
was asked by the Board to review the first Strands Report and assess
it in view of current developments in the field of mathematics; to
study and evaluate the mathematics program then in the schools as it
related to that report; to review mathematical concepts and to
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indicate the meost effective and feasible placement of those concepts
in a mathematics framework; to help in developing criteria for
evaluating mathematics textbooks and instructional materials for the
next adoption and to study procedures that might be used in
screening textbooks considered for use in California schools; to heip
develop ways of implementing mathematical concepts and applica-
tions in other fields of endeavor; to suggest means for evaluating the
mathematics program in the schools as the new materials, textbooks,
and framework were developed and used; to make recommendations
and suggestions relative to inservice courses; and to make any
suggestions believed to be helpful in implementing an ideal mathe-
matics program in California.

The advisory committee completed its immediate task and
produced a framework for kindergarten and grades one through
eight — the second Strands Report. The framework was submitted to
the State Board of Education in two parsts, in preliminary form, in
September, 1967, and approved by the Board. A criteria statement
ior textbook adoptions was prepared by the Advisory Committee
and accepted by the Board in January, 1968. The Curriculum
Commission based its forthcoming textbook selections and adoptions
and its recommendations for supplementary mathematics teaching
materials on the criteria. The mathematics textbooks were adopted
for a five-year period beginning with the 1970-71 school year.

The State Board of Education, in approving the release of the
preliminary 1967 Strands Report, authorized the California Mathe-
matics Council to print it in its Bulletin; subsequently, it appeared in
three parts in the October, 1967, and the January and May, 1968,
issues. Reprints were then made available, for which there has been a
steady demand from teachers, school administrators, textbook
publishers, and teacher-training institutions in California and
throughout the United States. Publication of the report in this final
version will make possible its continued availability to those
concerned with today’s elementary mathematics curricualums and
programs. . :

This report takes us into a second round of the school mathe-
matics “revolution® — one that focuses on ways of teaching and
learning mathematics. The ““climate in the classroom’ is the pervasive
theme of education for the 1970s.

The Statewide Mathematics Advisory Committze, under the
capable leadership of John L. Kelley, has made a tremendous
contribution ‘in preparing this document. The implications for
mathematics educators and for authors and publishers of textbooks

V1
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and other instructional materials are vast. We are indeed grateful for

the dedicated efforts

ccempleting this project.

EUGENE GONZALES

Associate Superintendent of
Public Irstruction; and Chief,
Division of Instruction

of the

members of the Committee in

MITCHELL L. VOYDAT

Chief, Bureau of Elementary
and Secondary Education
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Chapter One

INTRODUCTION

The report summarizing the productive work of the first Advisory
Committee on Mathematics to the California State Curriculum
Commission was completed in 1962 and subsequently published in
1963, and it became known as the “Strands Report.”’! That report
gave major emphasis to a change in the content of the mathematics
curriculum in kindergarten and grades one through eight. It
recommended (1) that more emphasis be placed on the structure of
mathematics; (2) that the elements of synthetic and coordinate
geometry assume a central role in the curriculum; (3) that the
language of sets be introduced; and (4) that mathematics and its
applications should be related to the entire curriculum. That report
continues to be a sound statement of the core of the elementary
mathematics curriculum. These present recommendations refine and
revise the cognitive aspects of the curriculum and extend the
pedagogical requirement for improving the climate within the
classroom.

The 1962 report was far ahead of its time in many ways. This
farsightedness created many problems, two of which were crucial:
there was no textbook series containing the entire mathematical
content recommended in the report, and teachers had not had the
opportunity to develop an adequate background for teaching a
program in mathematics based on the recommendations. Today,
California can expect to secure instructional materials that will meet
the standards of the Strands Report. Many teachers in California
have had preservice and inservice education requisite for the
implementation of the programs while others are now ready and
willing to undertake the additional inservice education that is
necessary.

Based upon these premises, the State Department of Education
should undertake a variety of experiments in the teaching of

1S.ummmy of the Report of the Advisory Committee on Mathematics to the California
State Curriculum Comrmission: The Strands of Mathematics, Mathematics Programs for
Teachers, A Study of New Programs and Supplementary Materials. Sacramento: California
State Department of Education, December, 1963.
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mathematics and the inservice education of teachers. Research
supported by the state’s Mathematics Improvement Programs? will
provide school districts with suggestions for classroom and school
organizational patterns that will result in more effective utilization of
the specialized training of teachers and with guidehnes for inservice
classes that will enable them to teach the mathematics program
outlined in this report. It is further recommended that the preservice
curriculum for elementary teachers be expanded to include a
minimum of six semester or nine quarter units in mathematics.

Studies and experimentation since 1962 have identified mathe-
matical content that can and should be taught to elementary pupils
as well as effective ways in which pupils learn that content. This
work, much of which has been done within California, constitutes an
endorsement of those recommendations of the first advisory commit-
tee’s report having to do with the mathematical content of the
curriculum. Reports such as those from the Cambridge Conference
on School Mathematics® have strengthened and confirmed a trend
toward a broader mathematics curriculum in the kindergarten-grade
eight program. The revisions and expansions of the content of the
strands in this report are evidence of a commitment to this trend and
constitute the recommendation of this advisory group for the
content of the mathematics curriculum in kindergarten through
grade eight for the next few years.

This decument, in outlining the essential strands of mathematics,
should be of use to writers, publishers, and teachers. it does not seek
to be prescriptive to authors and publishers, nor is it intended as an
outline for an inservice course for teachers. Within each strand,
examples are given to convey the general scope and sequential
development of the mathematical content. Writers, publishers, and
teachers will find here a strong and clear statement of many subtle
and crucial issues in curriculum planning together with recommenda-
tions on these issues. The cbvious restrictions of space and time do
not permit a full and definitive treatment of any strand.

The strands, as identified by the second advisory committee and
which have been selected for special emphasis, split naturally into
two categories. The first category includes the strands of Numbers
and Operations, Geometry, Measurement, and Statistics and Prob-
ability. These strands are the basic cognitive subdivisions of the

2See Education Code sections 5799-5799.49,

3Goals Jor School Marhematics. The Report for the Cambridge Conference on School
Mathematics. Published for Educational Serxrvices, Inc. Boston: Houghton Mifflin Co., 1963.
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mathematics curriculum itself. The other category includes the
strands of Applications, Sets, Functions and Graphs, Logical Think-
ing, and Problem Solving. These strands are catalysts, or processes
which facilitate mathematical analysis to some degree in every
mathematical enterprise. No single strand can stand by itself;
together they constitute a strong, viable program. To slight one
strand or to overemphasize any strand is to weaken this program
significantly. A satisfactory curriculum will display and use these
interdependent strengths in its development.

The next few years will see more and more students readv for a
first course in algebra at the beginning of grade eight. Indeed, this is a
conservative prediction if the program envisaged here has the merit
claimed for it and if the program is adopted and implemented with a
significant inservice training program. The day can be anticipated
when every college-capable student will have had algebra before
entering grade nine.

Algebra should not be identified as a strand in itseif, any more
than arithmetic should be considered a strand. The central ideas of a
modern algebra course can easily be identified as an: extension of the
framework of the strands described here. This extension has not been
indicated in each strand because the major emphasis of these
recommendations concerns the mathematical training of students up
to algebra. On the other hand, algebra is appropriate for grade eight,
and it should be included for as many pupils as are prepared for it.
For this reason, a brief outline of a suitable program for algebra in
grade eight has been included in this report. It is important to
recognize that a prerequisite for this algebra program is the content
of the mathematics curriculum recommended here.

The most significant feature of the ongoing studies in mathematics
education lies in pedagogy. How should mathematics be presented so
that it will be best understood and most efficiently mastered? A
growing body of evidence supports the belief that mathematics
learning must involve each pupil in a participative activity e nploying
manipulative materials as well as pure cognitive exercises.

Mathematics must be closely tied to its applications in every other
discipline, from art to zoology. On the other hand, by its very nature
mathematics is abstract. It is the abstract quality of mathematics that
enables mathematics to be used in a wide scope of applications. Yet,
a wide scope of applications does not “prove’ the truth of
mathematics. Mathematics has its own truth, independent of its
power of application. However, each pupil should appreciate this
abstraction, not just for abstractiom’s sake, but so that he can use

. .13
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these abstract ideas in a broad spectrum of situations. The capability
to solve a variety of problems in all disciplines rests on the ability to
recognize and use a general underlying principle. Often such a basic
principle is either stated in pure mathematical language or is an
abstract mathematical concept itselt.

There are many valid ways to teach mathematics based upon the
different modes by which pupils learn. The final word on mathe-
matics education will never be written because society continually
places new demands on mathematics. Moreover, changes in methods
of instruction will also have a significant impact upon the total
educational process. This report identifies some of the goals
currently important and indicates how they may be achieved.
Continued studies, experiments, and evaluations in this field are
encouraged. The resulting evidence and judgments should form a
basis for future development of more effective mathematics instruc-

tional programs in California.

14




Chapter Two
BROAD GOALS

The elementary school mathematics program should be concerned
with basic, pervasive, and fundamental mathematical concepts and
skills. Priority rests with those concepts and skills that will be used,
either directly or as prerequisites to other principles and techniques,
in mathematics, in the physical and social sciences, and in the
ordinary day-to-day decision making of every citizen.

Not all pupils are enthusiastic learners of mathematics. Often they
will elect not to study mathematics, onlv to realize later that
mathematics was an irreplaceable ingredient in their further learning.
Therefore, the elementary school program must be designed so that
pupils will be encouraged, enticed, and even cajoled, if necessary,
into doing as much mathematics as they can. It is particularly
important that the mathematics program be sufficiently flexible to
accept at any time pupils who express new or deepened interest in
mathematics.

The goals of the elementary school mathematics program are
twofold: For those who will terminate their mathematical education
at grade eight or grade nine, the program must provide the
mathematics that an informed person must know; and for those who
will continue to elect additional mathematics courses in high school,
the program must provide a strong background to enable them to be
successful in their advanced work. The latter group will include
college-capable students who may be completing a full year of
calculus in high school. In either case the program needs to be
presented so that pupils will become enthusiastic and develop both
an intellectual curiosity and a spirit of inquiry about mathematics.
For this, pupils need learning experiences which give them an
cpportunity to explore, investigate, create, and recreate mathe-
matics.

The following list of topics outlines broadly what these pupils
should achieve and appreciate by the end of grade eight. Naturally,
different pupils will have different levels of understanding and
proficiency, and not ali pupils can be expected to command
knowledge in all of these areas:
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A sound background for algebra, including an introduction to:

Numbers and operations with numbers

Conventional algorithms

Sets and functions

Mathematical sentences

Linear functions in a single variable

Solution of linear equations and inequalities

Quadratic equations, quadratic formulas, and the role of the

discriminant
A sound background for geometry, including experience with:

Basic geometric configurations of plane and solid geometry
Simple straightedge and compass constructions
Congruence and similarity for plane figures

Translations and rotations

Measurement
Coordinate geometry in one, two, and three dimensions

An appreciation of the development of mathermatical systemns,
including:
The real number system

Systems of logical thinking
Simple deductive systems and axiomatics

The ability to use and apply mathematics, including familiarity
with:

Measurement

Statistics and probability
Extreme value problems; determination of maximum and

minimum, both absolute and subject to constraints

The creation of a mathematical model as a description and
means of analysis of a problemm and the evaluation and
interpretation of the result

Strategies and tactics for problem solving

Desk calculators

46




Chapter Three
THE CLIMATE IN THE CLASSROOM

Perhaps the most significant feature of all scholarly c¢ndeavor —
whether it is in mathematics, science, or the humanities — is its spirit
of free and open investigation. There should be an infusion of this
spirit into the classroom, for it has impcrtant implications for good
pedagogy, especially for mathematics.

The learning of mathematics is a many-faceted enterprise. While
the instructional program has definable goals, each pupil and his
teacher must feel free to express and explore those facets which have
particular meaning for him. The most striking feature of the best
presentations of mathematics is the establishinent of a classroom
climate that, under the direction of the teacher, is pupil-oriented,
self-directed, and nonauthoritarian in design. In this climate the
teacher drops the role of an authoritative figure who passes judgment
solely on what is right and wrong. He frames questions, plans work
that excites curiosity, and encourages the pupils to exploit what they
know and intuitively feel about the situation at hand. Within the
definable instructional objectives, he assumes the role of a guide who
conducts his pupils into regions uncharted to them.

There is, indeed, an analogy between the teacher in the classroom
and a guide on a safari. The guide has been around the same wilds
before, and he knows many of the pitfalls. He has the goal and major
routes in mind. He also knows that his client wants to experience the
+hrill of the hunt and capture so he does not always direct his client
down well-traveled paths. He does need to intervene when danger is
imminent and to redirect his client when he is lost. He encourages
him when weary and provides those extra insights that heighten the
satisfaction and impact of the moment of truth. Above all, the guide
acts as a pacer. Ultimately, he must see that his client manages to
capture the big game. The teacher, too, is a guide and his pupils are
the clients. Cnly the goal and the tools of pursuit are different.

The ideal classroom climate fosters the spirit of ““discovery.” It
also provides a variety of ways for pupils to direct their own learning
under the mature, patient guidance of an experienced, curiosity-
encouraging teacher. Self-directed learning requires pupil involve-

R
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ment in creative learning experiences that are both pupil-motivated
and teacher-motivated. These experiences are seldom accomplished
by ““Now, here’s how it goes’ lectures. Instead, the teacher
encourages originality, recognizing that there is more than one way
to solve a problem and accepting solutions in many different forms.
In the ideal classroom, credit is given to learners for their own
productive thinking even when it differs from the pattern anticipated
by the teacher.

Thus, the ciimate in the classroom must provide an atmosphere of
open communication between pupil and teacher. The teacher must
encourage and accept problems from his pupils so that mathematics
can be made as relevant as possible to pupil interests and needs, and
he must provide leadership and mental discipline. Today, a rich
variety of opportunities exists for learning mathematical concepts,
for applying these experiences to situations, and for gaining technical
proficiency in the allied schools.

Often, pupils ask questions the teacher is not ready to answer
immediately. He should not hesitate to admit that he is not ready.
He may use this opportunity to redefine, to rephrase, or to limit the
problem, and in so doing he may illustrate to the class the technique
he employes (as one individual) for attacking new problems. It would
be an equally valid teaching technique for him to solicit information
from his pupils and question them for leads.

The members of one elementary class wili spend approximately
1,000 hours together during one school year. Thus, learning is also a
group experience. Group behavior affects the learning process, as
pupils do learn from one another. Mathematics becomes a vibrant,
vital subject when points of view are argued, and for this reason
interaction among students should be encouraged. As pupils build
mathematics together, they develop special pride in what they do,
and their work gains momentum. A challenging problem will often
serve as a special impetus for group projects as well as for individual

research.
One of the exciting and effective ways of facilitating learning is

the use of manipulative materials. The best of these materials are
often simple things, which pupils may collect or make themselves.
Manipulating sometimes means pushing a pencil or drawing a figure,
but more often it means handling an object, comparing objects, or
placing objects in various relations to each other.

Learning is also facilitated through mathematically purposeful
games, through the analysis of experiments and principles from the
physical sciences, the social sciences, and the humanities, and
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through reinforcing previous mathematical experiences. The experi-
ences should capitalize on each pupil’s natural desire to see “why it
works,”” to understand ““how it works,”” and to find out ‘““what comes
next.”” The following are seven suggested class activities that facilitate
learning:

1. Sets, numbers, arithmetic operations, and geometry. Each pupi!
constructs a set of congruent triangular cards, some of which he
colors red, some white, and some blue. In addition, he constructs a
set i congruent square cards, some colored red, some white, and
some blue. These could be used in various ways; for example, by
constructing a set of triangles and then a subset of red triangles. Sets
of these figures are handy for illustrating addition, subtraction,
multiplication, and division. An example is given in the following
illustration of the concept of multiplication as an array. If there are
red, white, and biue cards of each of two shapes, how many different

colored shapes are there?
A R

B

2. Geometry. Join regular polygons (triangles, squares, or pen-
tagons) to form regular polyhedra. For example, use red, white, or
blue triangles, and join four of them to form a tetrahedron. If there
are four triangles of each color, how many differently colored
tetrahedrons can be formed?

3. Mathematically purposeful games. Play a game to sharpen
skills. Here is a game to develop skills in estimation and number
sense, a skill which is often overlooked in the desire for excessive
accuracy. This game demands an estimate to the nearest hundred for

_ - 19
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the sum of two numbers. A pair of numbers — for example, 275 and
517 — is given to each player. The winner is the one who first obtains
the approximation of the answer; in this instance: 275 + 517 ~ 800
= 300 + 500. Clearly, there are many variations of this type of game.
Games should be introduced when there is a need for pupils to have a
special skill.

4. Applications of mathematics using functions and graphs.
Undertake a classroom experiment in growing radishes. Describe the
growth by recording the data and making a graph. Express the
growth by using the mathematical concepts of function and rate of
change of growth, and determine whether the function is linear,
quadratic, or exponential.

S. Measurement. To provide pupils with an intuitive grasp of
conversion of units, each pupil should be given the opportunity to
handle both pound and gram weights and to compare their heft.
Physical handling of the weights can help him see the need for
conversion of one system to another and help him carry out the
conversion.

6. Geometry and arithmetic. Have the pupils explore the relation-
ships between the number of sides, vertices, and diagonals of regular
polygons, and between the number of edges. vertices, and faces of
regular polvhedra.

7. The number plane. (a) Plot a sequence of points represented by
pairs of numbers, and connect them in sequences by straight lines,
forming interesting looking polygons. (b) Compute the area of a
triangle as a function of the coordinates of the three vertices. (For
simplicity, keep one edge of the triangle paraliel to one of the
coordinate axes). (¢) Show how multiplication of a number by two
relates to tne graph of a line through the origin of slope 2.

Many of the requirements set forth here do not fit into the
classical mold for textbooks. The pedagogical principles recom-
mended change the role of a textbook from something each child
should read and understand passively to a source book for
experiences which each child undertakes actively.

The textbook materials submitted for future adoption should
break the traditicnal textbook barrier to learning. Careful consider-
ation should be given to the amount of verbalization and the reading
skills required by the pupil to understand his text. (It is a paradox
that mathematical concepts themselves are nonverbal, yet coinmuni-
cation of these concepts requires sophisticated verbal skills and
ability to use and understand symbolic representations.) A delicate
balance must be maintained, and there should be a greater emphasis

20
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on the mathematical concepts themselves than on vocabulary or a
pedantic insistence on certain symbolic conventions. On the other
hand, the introduction of common mathematical terms or practices
should not be overly delayed. For example, there is no reason why
literal symbols as well as frames cannot be employed at an
appropriate level.

Instructional materials adopted by the state to implement the
mathematics program must be sufficiently flexible to be used with a
variety of teaching methods and organizational plans. The ways in
which the text can be personalized to the needs of the individual
must be delineated. Whether or not ability grouping takes place, it is
clear that in any classroom the rates of learning will vary, and the
pacing of instruction must be planned accordingly. Perhaps of more
significance, the pupils’ modes of thinking will differ; some think
best in concrete terms, others, in abstract formulations. The
introduction of a new mathematical concept must be done in such a
way as to appeal to each of these ways of thinking.







Chapter Four

AN OVERVIEW OF THE STRANDS

In this section, a brief indication is given of the content of the
nine strands of mathematics included in this report. These strands
represent an extension and revision of the strands, eighi in number,
which were presented in the report made by the first Advisory
Committee on Mathematics.! Fuller explanations of the technical
terms used as well as the sequence and depth of the mathematical
concepts, the appropriate vocabulary, and the symbolism are
provided for each strand in chapters eight through sixteen.

Strand 1. Numbers and Operations

The content of this strand is the heart of a traditional program of
mathematics, and it remains central in the learning of pupils in
kindergarten and grades one through eight.

The various number systems should be developed with their
structure shown as an expanding sequence from the counting
numbers through the rational numbers. Properties of the order
relation should be studied on the number line, and this study must
be related to strands of geometry and measurement. This relationship
can be strengthened by use of the number plane.

The four fundamental binary operations of addition, subtraction,
multiplication, and division must be presented. Subtraction is treated
as the operational inverse of addition; and division, as the operational
inverse of multiplication. Other interpretations of subtraction and
division are also important for mathematical algorithms and appli-
cations. Attention should be given to the properties of commuta-
tivity, associativity, and distributivity and to the identity elements
zero and one.

The system of rational numbers should be sequentially developed

to show that:

1Summa)"y of the Report of the Advisory Committee on Mathematics to the California
State Cwrriculum Commission: The Strands of Mathematics; Mathematics Programs for
Teachers; A Study of New Programs and Supplementary Materials. Sacramento: California
Siate Departinent of Education, December, 1963.
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1. The rational numbers are constructed from the system of
integers.

2. A rational number is denoted by a fraction, and many fractions
can denote the same rational number.

3. Operations of addition and multiplication are defined so that
the properties which hold for the integers remain true for
rational numbers.

4. Subtraction of two rational numbers is related to solving an
equation of the form a + x = b,; similarly, division is related to
solving an equation of the form ax = b.

5. Properties of order, betweenness, and density have geometric
interpretations.

6. Not all points on the number line can be denoted by rational
numbers.

Preparatory experiences for study of the full set of real numbers
should include associating a real number with each point on a line
and using decimal notation as a way of denoting a real number.

The study of numeration systems may be illustrated with a brief
treatment of bases other than ten. This treatment should show the
role of the place value numeration system and the invariance of the
properties of the numbers under a change of notation.

“'rand 2. Geometry

The kindergarten and grades one through eight mathematics
program should provide a strong intuitive grasp of basic geometric
concepts: point, line, angle, plane, three-dimensional space, con-
gruence and similarity, and coordinate geometry. The development
of geometry must progress at each grade level. This program does not
envisage a sequence of definitions, theorems, and proofs, but rather a
wide assortment of informal geometric experiences. There must be a
continual tie-in with the strands of numbers, measurement, apph-
cations, problem solving, and logical thinking. There will be times
when short chains of deductive reasoning will be both time-saving

and instructive for pupils.
Strand 3. Measurement

Measurement is a ‘““doing” process and is best learned in this
context. It provides a way to us: the mathematical concepts and
skills found in the other strands. The process can be used for
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teaching certain skills and concepts. Measurement is first presented as
a way of comparing a common attribute (distance, area, number, or
probability) of two things. Second, arbitrary units are selected for
measuring. Finally, standard units are used as a means of communi-
cating ideas so that there can be universal understanding.

All measurement processes should be presented from a point of
view which recognizes that:

1. The measurement function assigns a number to an object to
reflect a property of the object.

2. A unit is selected that has the same property as the object to be
measured. A comparison is then made, and the number of these
units present in the object is determined.

3. The choice of the unit is arbitrary.

The standard mensuration formulas should be developed from the

three points mentioned above.

The English and the metric systems should be introduced in such a
way that pupils will become mathematically bilingual in their use and
will learn the advantages and disadvantages of each system. Pupils
should develop a comparative sense about the two sysiems; for
example, a centimeter is slightly less than but approximately equal to

one-half inch.
Strand 4. Applications of Mathematics

Concrete problems from the physical and social sciences should be
presented hand in hand with pure mathematics. Constant exposure
to concrete applications serves two purposes: It permits pupils to use
the mathematics and the skills they have already developed to attack
interesting problems, and it motivates them toward new and deeper
mathematical insights. The application of mathematics should be
presented as a process in which one does the following:

1. Constructs a mathematical model which reflects significant

properties of the concrete problem

2. Formulates and analyzes a mathematical problem
3. Interprets the results of the mathematical analysis
Teachers should encourage pupils to propose areas for investi-
gation that are of interest to them.
Strand 5. Statistics and Probability

Today’s 'society abounds with numerical data. Mathematics pro-
vides techniques to synthesize a congiomeration of numbers and to
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extract a few quantities that give an adequate picture of the whole.
Often this process can be used effectively to predict behavior in
similar and analogous situations. Awareness of the scope, power, and
himitations of statistics and its theoretical sister, probability, consti-
tutes vital knowledge for every citizen.

Some important topics to be introduced in the elementary grades

are the following:

1. The rudiments of organizing data into standard graphs and
charts
2. The meaning of the terms average (mean), median, and mode

. The significance of variance and standard deviation as a crude
measure of what portion of the total distribution is “close’ to
the average

4. The elementary notions of probability as the concept pertains
to the “laws of chance” and to the physical situations from
nature for which these are the correct mathematical models

5. The elementary notions of statistical inference

Strand 6. Sets

An early introduction of the set concept is recommended to
express the elementary notions of one-to-one correspondence and
number. In this way a universal rationale can be given for the
important properties of the integers. It is imperaiive to continue to
use the language of sets in studying geometry, functions, solutions of
equations and inequalities, number theory, and graphing. The set
operations required are union, intersection, complementation, and
Cartesian product. The properties of the set operations of union and
intersection required are commutativity, associativity, and dis-
tributivity.

The language of sets should not be invoked for itself; rather, it
should be used to make clear and precise the concepts and
applications of mathematics. In particular, teachers should not
require use of formal set terminoliogy if a simple verbal phrase will

suffice.
Strand 7. Functons and Graphs

The function concept permeates all of mathematics as well as the
real world. In intuitive terms, whenever one quantity is determined
by others, a function is involved. For example, the area of a square is
a function of the length of its side; the volume of a cone is a function

. .25
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of the radius of its base and its height; the speed of an automobile is
a function of its acceleration, which in turn may be a function of the
time the car is running. Functions are often pictured by graphs in
one, two, or three dimensions. Functions and their graphs form
powerful tools for studying mathematics and its applications.

The function concept and its generaiization, the relation concept,
should be developed, named, and used in the elementary school
program. Graphs of functions and relations in one and two
dimensions should be introduced in the early grades. In grades seven
and eight, the teacher should employ standard functional notation,
which denotes the value of the function, f, at the object, x, as f(x);
or prescribes the function, f, as f: x = f(x).

Strand 8. Logical Thinking

A mathematical investigation has two sides: inductive and deduc-
tive. In kindergarten and grades one through eight, the program
emphasizes and exploits induction by providing a variety of
experiences with mathematical concepts. The strengths of mathe-
matics, however, come from its deductive side. From certain
assumptions, other properties and behaviors are inferred and
deduced. This process of deductive reasoning, too, is a rnathematical
experience each pupil should share and appreciate. From a reason-
able and pragmatic viewpoint, one may think of the use of logic and
deductive reasoning as the application of ““horse sense.”

By the end of the eighth grade, school children should understand:

1. The logical connectives and and or

2. The meaning of sentences of the form “If 4, then B’ and the
rule of inference which vields B> if both ““If A, then B’ and
““4°° have been established

3. The role of negation

4. The role and scope of the quantifiers “For all . . . > and ““There
existsa...” ,

5. The notion of a ““proof”’ as distinct from a “‘check’

6. The concept that equality is used in mathematics to denote two
names for the same object or number

Strand eight indicates how logic can be introduced without using a
heavy, formal system.
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Strand 9. Problem Solving

This strand recognizes that one of the major objectives of the
mathematics program is the formulation and solution of problems. A
sharp distinction should be made between the process of applying
mathematics through the construction of mathematical models and
the techniques of analyzing mathematical problems. A pupil learns
much of his mathematics while he is engaged in the latter activity; he
learns its significance while engaged in the former.

In problem solving, pupils should learn to use different strategies

and tactics, such as:

® Constructing a diagram or using materials to illustrate the
problem

® Guessing a reasonable answer

® Translating the conditions of the problem into mathematical
sentences

® Performing the mathematical analysis and interpreting the

- answer

Any outline of strategies or sequential steps in problem solving
should be viewed as optional. Under no circumstances should a pupil
be forced to do a problem in a fixed way if he has discovered a
method of his own which brings the probiem to a correct solution.




| Chapter Five
THE KINDERGARTEN PROGRAM

The powerful, interrelated ideas of mathematics can be found in
the experiences of young children. These early experiences provide
intuitive background essential to the development of later mathe-
matical content. Therefore, it is imperative that the instructional
program in mathematics begin in kindergarten.

The envisioned kindergarten program is informal and exploratory
in nature. For such a program to be effective, the teacher must have
clearly in mind both its objectives and many possible ways of
achieving them. Each kindergarten teacher should be provided with a
guide that presents ways in which young children begin to develop
mathematical ideas. This guide should assist teachers in planning
suitable learning experiences. Because of different organizational
plans in the schools and different needs in various regions, the guide
for kindergarten shouid be made available also to districts that
request it for teachers of the first grade.

The heart of the program should be activities involving children
with physical objects that are usually found in the Kindergarten
environment; for example, blocks, objects in the playhouse or store,
toys, pegboards, kindergarten beads, paints and brushes, clay, balls,
and playground equipment. Other useful objects might include things
brought from home for sharing or collected on neighborhood
walks — rocks and shells, plants and animals, or story books.
Activities may also be centered on materials especially designed to
develop certain mathematical ideas. Children should have opportuni-
ties 'to compare objects; to classify and arrange them according to
such attributes as shape, color, and size; to experiment with
symmetry and balance; and to discover, continue, and create
patterns. They should discover the relations of “more,” ““fewer,”” and
“‘as many as’’> through the activity of matching small sets of objects.
In these activities, the child develops understanding of such concepts
as one-to-one correspondence and number. He should learn to name
the cardinal number of a set, count at least through ten, and develop
positional relationships such as inside, outside, on; first, next, last;
before, after, berween; left, right; and above, below.

18
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Throughout their activities children should be encouraged to ask
questions and talk about what they are doing, both with the teacher
and among themselves. Children at this level are imitative and are
interested in words. They are increasing their vocabulary rapidly. If
the teacher introduces word and language patterns easily and
naturaily in situations that make their meanings clear, children will
begin to assimilate the words and patterns into their own speech and
thoughts. The key words here are easily and rnaturally. Children’s
own ways of conveying their ideas must be accepted at the time. But
concurrently, they should have the opportunity to learn to express
ideas with clarity and precision.

29




Chapter Six
TECHNICAL PROFICIENCY

Facility and precisicn in arithmetic techniques are requisite for
further mathematics and scientific work, as are algebraic and
geometric techniques. Every pupil must learn to perform the four
elementary arithmetic operations, to solve simple equations and
inequalities, to make elementary geometric constructions, and to
draw and interpret graphs.

The types of mathematical techniques required by every adult and
the frequency with which he uses them are rapidly changing. Today’s
business and 1industrial procedures requiring only rudimentary
arithmetical operations are frequently done or checked with a
calculator or computer. It is less clear to what extent arithmetic
operations and the skillful performance of the associated algorithms
will permeate the daily life of tomorrow’s citizens.

For these reasons those skills selected for precision and speed drillis
must tie into the whole mathematics curriculum. To implement the
pedagogical philosophy which has been delineated, these drills must
not be permitted to degenerate into stultifying and time-consuming
routines, which: stifle the receptive minds of elementary pupils. It is,
of course, true that pupils must master facts and algorithms to a
degree that will enabie them to think through situations without
being cluttered mentally by errors.

It is pedagogically important to accept correct algorithms invented
by the pupil and to let him count on his fingers or use addition and
multiplication tables, even though these procedures may be ineffi-
cient and time consuming. Certainly, it is hoped that pupils will
eventually learn to replace these inefficient computational methods
by more powerful ones. A pupil will develop better procedures if he
first realizes that his initial methods are not wrong. Once he knows
that what he is doing is acceptable, he may be directed or be
self-motivated to learn faster and more efficient methods.

Of course, complete mastery of number facts and attainment of
operational skills come only after continued wuse of numbers.
Developing technical skills is an ongoing process. To acquire these
skills, a child must learn more mathematics, have practice in
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applications of mathematics, or play mathematical games. It goes
almost without saying that a gaine, in place of flash cards, makes any
arithmetic problem more attractive. Any of the seven examples of
ways to facilitate learning cited in Chapter Three will provide
opportunities for practice in computational skills.

Attention to individual differences is never more important than
i teaching addition facts. Some children learn best frem tables,
others by reasoning. Regrouping for combinations adding to ten is

another method:
6+7=6+{4+3)=(6+4)+3=10+3=13

Some pupils will learn by regrouping for doubling:
6+7=6+(6E+1D)=(6+6)+1=12+1=13

In the decimal numeration system, only the addition and
multiplication tables from O to 9 need ultimately be leained. As an
aid in computation, commutativity can be exploited so that only half
of the facts need be learned. Understanding of the principle of
commutativity comes from analyzing pairs of addition facts such as
S +3 =8 and 3 + 5 = 8. It should not be necessary to drill on both of
these facts, however, since a general principle has been identified as
an aid for computation.

Effective practice requires problem-by-problem reinforcement.
Errors must be corrected as they occur. It is pointless to assign 20
exercises only to discover that one fundamental error has been
repeated in the responses. Some exercises should explicitly call for
practice with manipulative materials and simple geometric construc-
tions. Cooperative work with a partner or in a small team provides
another means of immediate feedback, and the techniques of
programmed learning provide yet another. An acceptable textbook
series will provide practice opportunities which can be adiusted to
the needs of the learner. It must also provide immediate checks and
reinforcements to help the pupil become responsible for his own

learning.




Chapter Seven

EVALUATIVE PROCEDURES

Any educational program requires some evaluation procedure. We
emphasize here that new programs require new evaluative instru-
ments. This is particularly true in mathematics. Traditional training
in mathematics emphasized technical skills, especially arithmetic
skills. These skills are relatively easy to evaluate since an arithmetic
skill is a very narrow concept; a column of figures is either added
correctly or not. But the new programs in mathematics, including
our present curriculum, have goals which are broader in scope and
which seek understanding of more subtle mathematical concepts.
Understanding of these concepts is not measured alone by how well a
pupil performs a technique. For this reason, new tests and new test
criteria must be developed to measure the success of a mathematics
program designed to attain a wide spectrum of ends. The design of
these instruments is not an easy problem, and the statistical
evaluation of the reliability and validity of a particular instrument is
complicated. We urge that as soon as possible, a special task force be
created to deal with these problems.?!

The goals of the mathematics program cannot be achieved
overnight. The design of evaluative instruments is not an easy task.
The statistical evaluations for the reliability and validity of a
particular instrument are complicated. And it may well be that
performance at the secondary level, after the pupils have been in the
program for six ito eight years, may be a better index of the
elementary program than the results of a battery of tests.

lin 1968, under the Miller Mathematics Improvement Programs, the California State
Department of Education contracted with Stanford University to undertake a Test
Development Project for the construction of evaluative instrtuments. The project, completed
in 1969, resulted in the development of a test instrument which is known as the “State of
California Inventory of Mathematical Acnievement™ (SCIMA). The test, in three parts,
comprises the model for state assessment of pupil mathematical achievement at grades three,
six, and eight.
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Chapter Eight

STRAND 1. NUMBERS AND
OPERATIONS

The major content of the study of numbers in the mathematics
program for kindergarten through grade eight is a full development
of the rational number system and an intrcduction to the real
number system.

What is a number? In the discipline of mathematics, 2 number is
an abstract object identified by its properties. However, in the
instructional program in mathematics, numbers must be regarded as
ideas derived from and applicable to situations and problems
encountered by the learner. The program must provide activities that
guide pupils from intuitive recognition of relationships through
increasingly systematic ways of thinking In developing ability to
work with abstract symbols, most learners will need to “‘look
through” symbols to the images of events in their experience which
have given meaning to the symbols. These images may be of a
physical activity in which a relation is recognized, a picture or a
diagram that clarified a relation, or a pattern of symbols of a lower
order of abstraction.

Introduction to the Rational Number System

The system of rational numbers should be presented as a system of
expanding ideas. In such a presentation the learner first encounters
the set of whoie numbers {0, 1, 2, ...}. These numbers are ordered
and named by 2a positional sysiem of notation, and the basic
operations with their properties are introduced. Next, the system of
positive rational numbers and zero (sometimes cailed the fractional
numbers) can be studied. The system of whole numbers is then
extended to include the integers by considering the set of negative
whole numbers {—1, -2, -3, .. .}.

To indicate the notation for positive znd negative 31gned numbers,
many textbooks employ the device of using a raised symbol (S5, *3,
~1) and the words “‘positive’® or ‘“‘negative,” as differentiated from
the lowered symbols and the words “minus’ or “plus™ to designate
the operations on the set of integers (S — ~1 = *6). The use of the
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raised symbol device is usually continued until discussion of the
concept of opposites or additive inverses shows its use to be
superfluous. At this point the authors explain that the device has
served its purpcse aad drop its further use.

Finally, the study of such numbers as — %, — %, —1 % completes
the system of rational numbers. The operations and properties, first
developed for the whole numbers, are extended to each system as the
study proceeds. -

Introduction to the Real Number System

Throughout this development, the number line should be
emploved tc provide a geometric representation of number, leading
to the idea that each rational number corresponds to a point on the
number line. By grade eight pupils will know that, for example,+/2 is
not a rational number; yet, by a geometric construction there is a
point on the number line which, in a natural way, should correspond
to /2. The real number system may then be developed as a
completion of the rational numbers on the number line, so that every
point of the number line is in one-to-one correspondence with a
number. 4

While the sequential development should in general be carried out .
as described above, there must be considerable overlapping. Prepa-
ratory activities for more formal study of each extension of the
number system begin early and should continue through a long
period of time. For example, a learner may have experiences with
fractional parts of objects in kindergarten, several years before he
works with rational numbess as such. At the upper level, preparation
for study of the real numbers inciludes the decimal expansion of
numbers. The decimal expansion of a rational number is periodic;
e.g., 0.25000..., 0.3333._, 0.235235..,, or 0.7143143._, and con-
versely, a periodic decimal names a rational number.

Comparatively few difficulties are met in developing the concepts
and computational algorithms for the system of whole numbers. The
development of the full system of rational numbers requires two
stages. One stage is the introduction of the positive rationals (How
can you divide 1 by 2? Why doesn’t % + ¥ = %7). The other stage
is the introduction of negative numbers (How can you subtract 3
from 1?). Introduction of negative numbers logically may either
precede or follow the introduction of the positive rational numbers.
Both stages are analogous, and yet each contains its own subtleties. A
course is recommended that deals independently with these two
stages, particularly in the early grades.
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In many instances a few of the negative numbers may be
introduced naturally {—10, —9, —8,..., —1} as a countdown
procedure, or they may be used to label points on a temperature
scale or on the other ‘“half”” of the number line. Children can handle
easy arithmetic problems involving addition and subtraction of small
positive and negative integers. (If the spacecraft was on automatic
control from H — 2 hours until H + 1 hours, how long was it on
automatic control?) At the same time, children will often need to use
the familiar positive raiional numbers { %, %, %, Y%, 3 } to express
parts of a whole. These should be introduced informally as the need
arises, and experiences should be tied closely with physical examples.
Here again it is possible to handle easy addition and subtraction
problems without the complicated fanfare of the most general of
rules. The more difficult arithmetic operations of multiplication and
division are introduced later in the curriculum. The general rules for
these operations as well as those for addition and subtraction in the
full set of rational numbers are then presented. These topics require a
fuller understanding of the number system.

Figure 1 is a diagram of the relationship of the sets of whole
numbers, the integers, the rational numbers, and the real numbers.

whole
numbers

integers

rational numbers

real numbers

Fig. 1. Relationships of sets of numbers

Unifying Ideas in Numbers and Operations

Activities that guide the learner to recognize and generalize the
central unifying ideas in these number systems aid him to progress
toward systematic thinking Generalizations feed back, giving sup-
port to existing ideas, as well as forward, opening the way for new

ideas.
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Early Stages of Development

Early informal experiences are difficult to categorize. In kinder-
garten and the early primary grades, the child builds with blocks and
other materials, handles objects of different shapes and notes
characteristic features, sorts and classifies objects, fits objects inside
others, arranges objects in order of size, experiments with a balance,
recognizes positional relationships, recognizes symmetry, searches for
patterns, and reasons out ideas. Such activities are highly important.
Through them children develop ide-= of relationships that contribute
to Strand 1, Numkbers and Operations, as well as to other strands of

‘mathematics.

Activities in the classroom or on the playground — projects
utilizing materials specifically designed to promote the development
of certain ideas and the understanding of ceriain games and
puzzles — provide experiences of the type described in the preceding
paragraph. While engaged in these activities, children should be
encouraged to talk about what they are doing, both with the teacher
and with each other. These experiences provide a readiness for
reading and writing mathematics.

The teacher should introduce new words or language patterns in
close association with activities that make meanings apparent.
Assimilation of vocabulary and language patterns into the children’s
own speech and thought is expected to occur gradually over a
considerable period of time. Children first give evidence of under-
standing the teacher’s usage; then they begin to use the words and
patterns spontaneously in their speech. Often the first uses are
imprecise. The teacher accepts and perhaps even repeats a child’s
speech. Then, sensitive to his intended meaning, the teacher guides
him to precision through a skillful question, a statement of
agreement that rephrases the idea, or a statement of amplification.
Development of a child’s ideas and language can be blocked by
rejection of his first fumbling attempts tc cope with what may be, to
him, enormous complexities.

The principal unifying ideas in Strand 1 are:

® Order, counting, and betweenness

® Operations and their properties

® Jdentity elements

® Numeration systems

® Mathematical sentences

Order, Counting, and Betweenness — First Unifying Idea
For any pair of numbers, @, b. exactly one of three possible
relations exists: a<< b, a=b, ora > b.
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Activities in which children compare the number of sets of objects
without resorting to counting lead directly to the concept of the
counting numbers. Learners can compare the numbers of two sets of
objects by pairing the members one-to-one and discovering the
possible relations. For example, if chairs and children are paired to
see whether there is a chair for each child, one of the relations fewer,
as many as, or more will be found to exist.

When a child can compare sets of objects and determine whether
they are equivalent or nonequivalent, ke is ready to learn relations
between numbers. The learning of relations can be promoted by
arranging sets of objects in sequential order. By this time many
children have learned to associate the spoken names of numbers with
the cardinal numbers of small sets of objects and zero with the
number of the empty set. Experiences in arranging sets of objects in
rank order help pupils to see the order of numbers and to learn the
names of the natural numbers in counting sequence.

Counting requires matching the members of a set of objects with
the members of an ordered set of names of the counting numbers.
Some children require help in keeping the ordered set of number
names in one-to-one correspondence with a set of objects they are
counting, and they must move, touch, or point to the objects and say
the words aloud if they are to count correctly. Children should have
experience with many activities which involve counting in a variety
of situations if they are to avoid confusions arising from partial
learning.

The number line, which relates geometry and number, exhibits
many important facts about numbers. At first, a number line can be
marked or laid out on the floor with masking tape. A starting point
(origin) is identified, and the children take steps along the lire,
counting as they step. Soon, numerals are associated with the points,
with O (zero) as the origin. Numbers of steps taken along the line by
different children are compared and relative positions discussed; e.g_,
before, between, and after. Later, movement along the line may be
represented by marking a number line drawn on the chalkboard or
pa